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Abstract

In the present work the reflection and transmission through the chamber cavities

including liners are analyzed. To explain the mechanism of Multimodal technique

two prototype problems are discussed. These physical problems include rigid-rigid

and rigid-impedance types of boundary conditions and are radiated by a plane pis-

ton. It is found that by changing the velocity of the piston a variation in scattering

amplitudes is found. Further, to analyze the impact of acoustic liners in single

and double cavities the Multimodal method is applied. The governing boundary

value problems have excitation from the inlet and transmission from the ancheotic

region. The absolute values of the amplitudes of reflected and transmitted modes

are shown against frequency. From the numerical experiment, it is found that the

liners as well as the addition of cavity effect on the sound attenuation.
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Chapter 1

Introduction and Literature

Review

1.1 Introduction

Acoustic liners [1] are used to reduce the noise emitting from Heating Ventilation

and Air Conditioning (HVAC) systems of buildings, chimney stacks, powersta-

tions, vehicles and aeroplanes. The frequently used acoustic liners are bulkre-

acting liners and locally reacting liners. Generally, the locally reacting liners are

constructed by the perforated sheet of honeycomb layers that allow the propa-

gation of waves normal to the duct wall. Locally reacting liners have the good

absorption quality for small frequency range of noises. The main control of these

liners are their validity and high potential of resistance. On the other hand, bulk

reacting liners have broad absorption quality. These liners are composed of porous

material and show less efficiency at lower frequency regime as compared with lo-

cally reacting liners. To control the low frequency range of noises, is infact a

challenging issue.

The current work is related theoretical study of the reflection and transmission of

acoustic waves in the channel containing reacting liners. The Multimodal scheme

[17] is adopted to analyze the scattering behavior of incoming propagative modes

1
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in the presence of locally reacting liners. The propagation of modes is linked with

the eigenvalues and eigenvectors of transformed system. To ensure the accuracy

of collected modes two simple duct problems are considered. First problem is

bounded by rigid walls and is excited with a plane piston along the wall whereas,

in the later problem the upper horizontal wall is replaced with impedance surface.

Both of these problems are solved with Multimodal scheme. To analyze perfor-

mance of physical system the model coefficients are ploted for different velocities

of moving piston. The aforementioned worked is comprehensively discussed in

Chapter 3. Wherease the effects of locally reacting liners in the cavities of the

chamber are discussed in Chapter 4.

1.2 Literature Review

The propagation of sound waves in lined ducts having rigid walls have been dis-

cussed by many authors, for instance see [2, 3]. Various methods were preferred

to study the propagation of sound waves in duct lined with locally reacting liners

by using impedance condition. [4–16], Weiner-Hopf technique has been applied to

diffraction from the objects having different material properties. These methods

include: Multimodal method [17], Finite element method [18] and Point matching

method [19]. Each approach has strength and limitations depending upon the

considered model and the aims of investigations. Felix and Pagneux [20] assumed

adiabatic lossy medium lined with reacting liners. In this paper, he considered the

circular curved duct system and with the aid of Multimodal approach to investigate

the impact of impedance wall conditions. Likewise, Bi et al. [21] assumed a circu-

lar rigid duct lined with a non-uniform reacting liners. The impedance condition

assumed to be piece-wise constant across the duct boundary and the Multimodal

method was used to sort the solution of the problem. They found that duct modes

with rigid walls are linked with the eigenvalues and eigenfunctions of transformed

system. The method fits well to analyze the vibrations having low, mid and high

frequencies. The numerical results showed that the non-uniform liners have minor

effects on the efficiency of this devise.
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Auregan and Lerous [22] studied acoustically treated ducts are widely used in

HVAC to reduce noise emission. The calculation of the acoustical propagation in

such devices is, however, difficult because of the complexity of the sound interac-

tions. Marx et al. [23] discussed that in the presence of flow, acoustic propagation

is difficult to predict due to the diffraction of sound from sharp edges and joints.

This is especially true in the region of the lined wall where there is turbulance

in fluid flow. Shenderove [24] modeled that the sound field in a waveguide as the

superposition of normal waves, whose mode shapes are deduced by the separation

of variable technique. He postulated that a propagation in the positive direction

can be expressed as the combination of function that are partial solutions to the

Helmholt’z equation. Kirby [25] considered two different silencers of an exhaust

system radiated from inlet pipe. He equiped the device with reactive and dissipa-

tive tools and concluded that the acoustic behavior of energy in silencers can be

improved for higher frequency modes by reactive and dissipative materials.

Denia et al. [26] demonstrated that in the automotive exhaust system, dissipa-

tive silencers have been shown to provide desirable noise control. Because broad

band sound attenuation occurs in the mid and high frequency ranges. Abom [27]

discussed an expansion chamber including extensions from inlet and outlet duct

regions to make it a structure of concentric ducts. The acoustic performance of

a devise while considering uniform and reactive linings at the chamber’s ends.

The dispersion of waves through different layered media is discussed in [28–33].

Cummings and Chang [34] obtained the transmission loss of a dissipative expan-

sion, chamber including the mean flow by a mode-matching technique. Xu et al.

[35] developed a two dimensional analytical solution to examine the acoustic per-

formance of dissipative expansion chamber by a pressure and velocity matching

technique. Selamet et al. [36] investigated the effect of perforated ducts on the

sound attenuation in dissipative silencers. Nawaz and Lawrie [37] and Nawaz et

al. [38] discussed the sound scattering from structural discontinuity together with

obstacles at finite junction. The continuity conditions of pressures and normal

velocities at aperture are used to match the scattering modes. Afzal et al. [39] in-

vestigated the study of a devise comprises of a two dimensional reactive silencer in
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which a membrane is attached to the internal walls of the expansion chamber and

elastic plate is attached to the outlet duct parallel to the axis of the inlet/outlet.

Accordingly, the mode-matching method has been applied to scattering problems

in [40–50]. Lawrie [51] presented the class of orthogonality relations relevant to

fluid-structure interaction.

Haung [52] analyzed drum like silencer and reflection of sound waves through

chamber enclosed by vertical plates. Satti et al. [53] studied that the expansion

chamber silencer that contains membrane bounded cavities and horizontal par-

titions inside of the expansion chamber. The surfaces of the splitting walls are

assumed as rigid, soft, impedance or sound absorbing material. Rienstra [54] an

alyzed the behavior of the acoustic modes of a lined channel with and without uni-

form mean flow, it appears that there are three types of modes: genuine acoustic

modes, acoustic surface waves and hydrodynamic surface waves. Brambley and

Peake [55] examined the behavior of the surface modes. It is well known that

when the flow exists, the viscosity effects cannot be excluded especially near the

walls. As a result, the boundary layer must be taken into account. Hassan and

Rawlins [56] studied sound radiation by considering a trifurcated waveguide where

the boundary conditions in the mathematical problem are of Robin type on some

surfaces and rigid on the other surfaces.

Ayub et al. [57] presented a solution of the diffraction problem related to an

acoustical trifurcated waveguide with mean flow consisting of hard and soft par-

allel planes and half-planes. Wang and Mak [58] investigated the sound wave

propagation in a lined duct through periodic resonators array. The dissipation

of waves in a discontinuous exible waveguide was discussed by Afzal et al. [59].

The use of acoustically absorbing liners to reduce noise in infinite closed ducts

has been extensively documented in the literature, [60–62]. The generalised or-

thogonal properties of boundary value problems, including higher order boundary

conditions, had been discussed by Lawrie and Abrahams [63]. They used the

proposed scheme to explain acoustic scattering in membrane bounded ducts on

prototype problems. Afzal and Satti [64] explored that the eigenfunction expan-

sion forms of duct regions provide an appealing way to express field potentials.
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Unknown mode amplitudes exist in these expansions, which can be determined

by formulating the continuity conditions of normal velocities and pressures across

regions at interfaces.

1.3 Thesis Structure

The present thesis include five chapters.

Chapter 1 contains introduction and literature survey relevant to work carried

out in this thesis.

Chapter 2 comprises some basic definitions, physical laws and formulation of

wave equation.

Chapter 3 contains the exploitation of rigid duct modes and liner duct modes.

The conditions for liners are also placed in this chapter.

Chapter 4 have two problems. First contains a single cavity having liners in

infinite waveguide while the second problem investigates the double lined cavities.

Chapter 5 provides the concluding remarks of the present study.

The references used in the thesis are mentioned in Bibliography.



Chapter 2

Preliminaries

This thesis contains physical problems that are relevant to the reflection, transmis-

sion and absorption of acoustic waves propagating in rectangular ducts or channels.

The purpose of the present chapter is to discuss some basic terminologies which

are useful in understanding the mathematical modelling and associated physical

characteristics of the work presented in the rest of the chapters.

2.1 Waves

Wave is the disturbance in the medium which causes the particles of that medium

to vibrate from one place to another to transfer the energy. It is important to know

that waves transfer energy of the matter without transferring matter. Typical

examples include light waves and sound waves etc.

2.2 Types of Waves

There are three types of waves based on the medium characteristics and energy

propagation. These three types are:

• Mechanical waves

6
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• Electromagnetic waves

• Matter waves

2.2.1 Mechanical Waves

Mechanical waves are the type of waves in which energy is transferred through the

oscillations produced in a material medium. Waves produced on the strings and

springs, waves produce on the water surface are some common examples. There

are two types of mechanical waves.

• Longitudinal waves

• Transverse waves

Longitudinal Waves

Longitudinal waves are the waves in which direction of particles of medium are

parallel to the direction of propagation of waves. Sound waves and pressure waves

are some common examples of longitudinal waves.

Transverse Waves

If the direction of particles of medium are perpendicular to the direction of prop-

agating waves then this type of waves are known as transverse waves. Examples

of transverse waves are waves produce on slinky spring. Light also has properties

of transverse waves although it is an electromagnetic waves.

2.2.2 Electromagnetic Waves

The waves which are created when electric and magnetic fields oscillate perpendic-

ular to each other are known as electromagnetic waves. These are the only waves

that do not need any material medium for the transfer of energy. These waves
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travel in a vacuum with the same speed. The X rays, microwaves and radiowaves

are some common examples of electromagnetic waves.

2.2.3 Matter Waves

Light has dual natures that is sometimes acts as radiation and sometime it acts

as material which has momentum and which can strike with a force. The dual

nature of light exist as both material and in wave form is known as matter waves.

2.3 Acoustics

Acoustics is the branch of science which deals with the propagation of mechanical

waves in matter. This branch covers how sound energy emits, reflects and trans-

mits through a medium. The term acoustics is derived from Greek word akoustikos

which means to hear. Normal human frequency range of hearing lies between 20

Hz to 20k Hz. The vibrations with frequency less than 20 Hz is known as infra

sound and greater than 20k Hz is ultra sound.

2.4 Acoustic Wave Equation

The acoustic propagation in certain medium can be described mathematically in

term of equations, known as acoustic wave equation [65]. This equation can be

derived from the physical laws of motion and equation of state. The derivation of

acoustic wave equation is explained in the next subsections.

2.4.1 Conservation of Mass

The conservation of mass equation is related to the net flow of mass per vol-

ume per unit time to the instantaneous rate of change of mass density that is

[65]
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∂ρ

∂t
+∇.(ρu) = 0, (2.1)

where ρ is instantaneous mass density and u is the fluid particle velocity vector.

The equation (2.1) is also known as equation of continuity.

2.4.2 Conservation of Momentum

The conservation of momentum states the net flow of momentum per volume per

unit time to the forces acting on it [65]

ρ

(
∂u

∂t
+ (u.∇)u

)
= −∇p+ ρg, (2.2)

where, p is the pressure and g is the gravitational acceleration . Also ∇p denotes

the exerting force and ρg shows the body force. With the aid of continuity equation

(2.1), it is convenient to write

ρ
Du

Dt
= −∇p+ ρg, (2.3)

where D/Dt = ∂/∂t+u ·∇ is the total time derivative known as Stokes total time

derivatives [66] including first term to be time derivative and the second term is

convective term.

2.4.3 Equation of State

The thermodynamic behaviour of the fluid can be expressed in term of an equation

known as equation of state:

p = ρrT (2.4)

where p is the pressue in Pascal, T is temperature in Kelvin and r is the specific gas

constant. A gas enclosed in a vessel having walls which are thermally conductive,

the perfect gas isotherm can be written as:
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p

p0

=
ρ

ρ0

, (2.5)

where p0 and ρ0 are the pressure and static density respectively. When no heat

loss or gained by the system then perfect adiabatic is

p

p0

=

(
ρ

ρ0

)τ
, (2.6)

where τ is the ratio of specific heat at constant pressure Cp to the specific heat at

constant volume i.e, τCp/Cv. The condensation s, that yields change in density

for given ambient fluid is define as

s =
ρ− ρ0

ρ0

, (2.7)

or
p

p0

= (1 + s)τ , (2.8)

which leads to

p = p0

{
1 + τs

τ(τ − 1)

2!
s2 + · · ·

}
. (2.9)

For linear relationship

p− p0 ≈ τp0s+O(s2). (2.10)

The relationship between density fluctuation and pressure can also be written by

using Taylor’s expansion as:

p = p0

(
∂p

∂ρ

)
ρ=ρ0

(ρ− ρ0) + · · · , (2.11)

or

p− p0 ≈ ρ0

(
∂p

∂ρ

)
ρ=−ρ0

ρ− ρ0

ρ0

, (2.12)

or

p− p0 ≈ ρ0

(
∂p

∂ρ

)
ρ=−ρ0

s+O(s2). (2.13)

By comparing equation (2.10) and (2.13), we get
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τ =
β

p0

, (2.14)

where β = (∂p/∂ρ)ρ−ρ0 is the adiabatic bulk modulus. The expression (2.13) after

neglecting the higher order terms, takes form

p = βs. (2.15)

2.4.4 Linearized Acoustic Wave Equation

For small condensation s� 1, the continuity equation can be linearized as:

∂s

∂t
+∇ · (ρu) = 0. (2.16)

Likewise linearized momentum equation in the absence of body forces

ρ0
∂u

∂t
= −∇p (2.17)

where |u.∇u| � ∂u/∂t is neglected. Now by taking divergence of (2.17), we yield

∂

∂t
(∇.u) = − 1

ρ0

∇2p. (2.18)

Differentiating (2.18) with respect to t, we found

∂2s

∂t2
= − ∂

∂t
(∇.u). (2.19)

From (2.18) and (2.19), we obtain

∂2s

∂t2
=

1

ρ0

∇2p. (2.20)

On using (2.15), we get

∇2p =
1

c2

∂2p

∂t2
, (2.21)

where
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c = (β/ρ0)1/2. (2.22)

Equation (2.22) gives the speed of sound in fluid of density ρ, having bulk modulus

β.

2.5 Multimodal Procedure

In order to solve the problem of waveguides with varying cross-section, modal

methods have already been suggested several decades ago [67]. A detailed the-

oretical description of a modal decomposition approach and its application to

several aeroacoustic problems have been provided during the 90s by Pagneux et

al. In a nutshell, the idea of the multimodal approach as described in [68] is to

express the local displacement field within the waveguide in a basis of guided wave

modes of the corresponding waveguide with constant thickness at any given point

along the direction of wave propagation. While similar mode expansions have been

successfully applied in the investigation of wave propagation through waveguides

of constant cross-section [69], the application to waveguides with varying cross-

section is more complicated due to the fact that options for mode coupling and

reflection have to be included into the model. With the continuous variation of

cross-section being translated into a continuous variation of the coefficients de-

scribing relative weights within the expansion into the modal basis, the numerical

effort of calculating the displacement field along the waveguide is now reduced to

solving the differential equations which govern the evolution of these coefficients

in wave propagation direction.



Chapter 3

Multimodal Solution Waveguide

Containing Liner Cavities

In this chapter the propagation of acoustic waves radiated by plane piston lying

along the vertical wall of duct is discussed. The boundary conditions of horizontal

walls are assumed to be rigid-rigid and rigid-impedance. The Multimodal proce-

dure [17] is adopted to determine the propagating modes in the duct region, which

are then compared with the eigen modes found through the separation of variable

method to verify the results. The boundary value problem relate Helmholt’z equa-

tion in accompanying with impedance and rigid type boundary conditions. Section

3.2 contains the mathematical modelling of wave propagation in rigid duct. The

solution of the problem is found in Section 3.3. In Section 3.4, the modelling

of the lined duct is discussed while its solution is explained in Section 3.5. The

computational results and discussion is provided in Section 3.6.

3.1 Wave Propagation in Rigid Duct Radiated

by Plane Piston

We consider the acoustic propagation in two-dimensional rectangular duct having

boundaries at ȳ = 0̄ and ȳ = ā as shown in Fig. 3.1. The inside of

13
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the duct is filled with compressible fluid of density ρ and sound speed c̄. The

overbars here and henceforth denote the setting of dimensional variables.

Figure 3.1: The physical configuration of duct.

The acoustic pressure p̄ satisfies the dimensional wave equation

∇2P̄ (x̄, ȳ, t̄) =
1

c̄2

∂2P̄

∂t̄2
. (3.1)

On assuming harmonic time dependence e−iω̄t̄, where ω̄ is angular frequency, we

can write

P̄ (x̄, ȳ, t̄) = p̄(x̄, ȳ)e−iω̄t̄. (3.2)

By using (3.2) into (3.1), we get the Helmholtz,s equation

{
∂2

∂x̄2
+

∂2

∂ȳ2
+
ω̄2

c̄2

}
p̄(x̄, ȳ) = 0. (3.3)

The duct walls can be rigid or impedance type. At rigid walls the normal velocity

is zero

n̂.V = 0, (3.4)

where n̂ is unit vector directed into the surface.
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The relation between velocity V̄ and pressure p̄ is

∂V

∂t̄
= −∇P̄ . (3.5)

From the harmonic time dependence we can write

V (x̄, ȳ, t̄) = v̄(x̄, ȳ)e−iω̄t̄. (3.6)

By invoking (3.2) and (3.6) into (3.3) and (3.4) we get

n̂.v̄ = 0 (3.7)

and

v̄ = − i
ω̄
∇p̄. (3.8)

On using (3.8) into (3.7) the rigid condition becomes

n̂.∇p̄ = 0. (3.9)

We make the involving dimensionless variables through the transformations:

x =
x̄

H
, y =

ȳ

H
, p =

p̄

ρc̄2
. (3.10)

Here the variables without bars are in dimensionless form. On using the transfor-

mations, the nondimensional form of Helmholtz’s equation and boundary condition

becomes

{
∂2

∂x2
+

∂2

∂y2
+K2

}
p(x, y) = 0 (3.11)

and

n̂.∇p = 0, (3.12)

where K = ω̄H
c̄

, represent the dimensionless frequency.
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3.2 Mathematical Formulation

The dimensionless form of boundary value problem is

{
∂2

∂x2
+

∂2

∂y2
+K2

}
p(x, y) = 0 0 < y < a, (3.13)

∂p

∂y
= 0, y = 0, x > 0, (3.14)

∂p

∂y
= 0, y = a, x > 0, (3.15)

∂p

∂x
= 0, x = 0, h ≤ y ≤ a. (3.16)

Consider the duct is radiated with a plane piston lying along vertical wall 0 ≤ y ≤

h at x = 0, moving with a constant velocity U , that gives

∂p

∂x
= U, 0 ≤ y ≤ h. (3.17)

The propagation of waveforms in duct region is determined through Multimodal

techniques [17] which is discussed in the next section.

3.3 Multimodal Solution

Consider incident radiation of acoustic waves propagation in duct towards positive

x-direction. The travelling waves of guiding channel can be expressed as:

p(x, y) =
∞∑
n=0

Anψn(y)eiηnx. (3.18)

Here the quantity ψn(y) determines the shape of nth mode propagating towards

positive x-direction having nth mode wavenumber ηn and amplitude An. Appar-

ently these quantities are unknowns. We may determine these unknowns with

Multimodal procedure. By using (3.18) into (3.13) and using conditions (3.14)-

(3.16), we get
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{
d2

dy2
+ γ2

n

}
ψn(y) = 0, (3.19)

ψ′n(0) = 0, (3.20)

ψn
′(a) = 0, (3.21)

where γn =
√
K2 − η2

n and prime shows the differentiation with respect to involved

variable. To project the solution of differential system (3.19)-(3.21), we formulate

the corresponding eigenvalue problem

d2ξn(y)

dy2
+ α2

nξn(y) = 0, (3.22)

ξn
′(0) = 0, (3.23)

ξn
′(a) = 0. (3.24)

On solving (3.22) subject to (3.23) and (3.24), we get the orthonormal eigenfunc-

tions as:

ξn = Λn cos(αny); n = 0, 1, 2, · · · (3.25)

where αn = nπ/a, n = 0, 1, 2, · · · are the eigenvalues.

Note the orthonormal functions ξn satisfy the relation

∫ a

0

ξn(y)ξm(y) = δmn, (3.26)

where, δmn is kronecker delta

δmn =

1 m = n,

0 m 6= 0.

To project the solution of (3.19)-(3.21), we write ψn(y) as the linear combination

of orthonormal basis functions as:

ψn(y) =
∞∑
m=0

Bnmξnm(y) = ξtB, (3.27)
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where

ξ =



ξn0

ξn1

...

ξnm
...


and B =



Bn0

Bn1

...

Bnm

...


. (3.28)

Note that superscript t in (3.28) of ξ represent the transpose of vector. On mul-

tiplying (3.19) with ξ and integrating over y from 0 to a, we get

∫ a

0

ξ
d2ψn
dy2

dy + γ2
n

∫ a

0

ξψndy = 0. (3.29)

The solution of first integral of (3.29) can be obtained by performing integration

by parts as:

∫ a

0

ξ
d2ψn
dy2

dy =

(
ξ(y)

dψn
dy

)∣∣∣∣∣
a

0

−
(
dξ

dy
ψn

)∣∣∣∣∣
a

0

+

∫ a

0

ψn
d2ξ

dy2
dy. (3.30)

On using boundary conditions (3.20)-(3.21) and (3.23)-(3.24), we get

∫ a

0

ξ
d2ψn
dy2

dy =

∫ a

0

ψn
d2ξ

dy2
dy. (3.31)

Therefore (3.29), takes the form

∫ a

0

ψn
d2ξ

dy2
dy + γ2

n

∫ a

0

ξψndy = 0. (3.32)

On using (3.25) into (3.32), we find

−
∫ a

0

(
mπ

a
)2ξψndy + γ2

n

∫ a

0

ξψndy = 0, (3.33)

or

−
∫ a

0

(
mπ

a
)
2

ξnξmψndy + γ2
n

∫ a

0

ξnξmψndy = 0. (3.34)

Now on using (3.27) into (3.34), we obtain
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−
∫ a

0

∞∑
p=0

(
mπ

a
)
2

Bnpξnpξnmdy + γ2
n

∫ a

0

∞∑
p=0

Bnpξnpξnmdy, (3.35)

or

− (
mπ

a
)
2
∞∑
p=0

Bnpδpm + γ2
n

∞∑
p=0

Bnpδpm = 0. m = 0, 1, 2, · · · (3.36)

In a matrix form, (3.36) can be written as

−N1IB + γ2
nIB = 0, (3.37)

where

N1 =



0 0 0 . . . 0

0 π2

a2
...

...
...

...
...

...
...

...

0 0 0 m2π2

a2
...

...
...

...
...

...


. (3.38)

Since γ2
n = K2 − η2

n, therefore (3.37) can be written as

η2
nB = NB, (3.39)

where

N = K2I −N1. (3.40)

Note that matrix N contain the eigenvalues ηn and eigenvectors X. The resulting

field potential can be written as:

p(x, y) = ξt[XD(x)A+XD(−x)B], (3.41)

At =
[
A0 A1 . . . An . . .

]
(3.42)

and

Bt =
[
δ00 δ10 . . . δn0 . . .

]
. (3.43)
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where

D(x) =



eiη0x 0 0 . . . 0 . . .

0 eiη1x 0 . . . 0 . . .
...

... eiη2x 0 0 . . .
...

...
...

...
...

...

0 0 0 eiηnx 0 . . .
...

...
...

...
...

...


, (3.44)

On differentiating (3.41) with respect to x, we find

∂p

∂x
= ξt[X

d

dx
D(x)A+X

d

dx
D(−x)B], (3.45)

where

d

dx
D(x)

∣∣∣∣∣
x=0

=



iη0e
iη0x 0 0 . . . 0 . . .

0 iη1e
iη1x 0 . . . 0 . . .

...
... iη2e

iη2x 0 0 . . .
...

...
...

...
...

...

0 0 0 iηne
iηnx 0 . . .

...
...

...
...

...
...


. (3.46)

By comparing modes

ξtX
d

dx
D(x)

∣∣∣∣∣
x=0

A+ ξtX
d

dx
D(−x)

∣∣∣∣∣
x=0

B = U, 0 ≤ y ≤ h. (3.47)

On multiplying (3.47) with ξ and integrating from 0 to a

∫ a

0

ξξtdyX
d

dx
D(x)

∣∣∣∣∣
x=0

A+

∫ a

0

ξξtdyX
d

dx
D(−x)

∣∣∣∣∣
x=0

B = U

∫ h

0

ξ(y)dy. (3.48)

Equation (3.48) can also be written as

iX
d

dx
D(x)

∣∣∣∣∣
x=0

A− iX d

dx
D(−x)

∣∣∣∣∣
x=0

B = UQ, (3.49)
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where

Qm =

∫ h

0

ξ(y)dy

=


h√
a
, m = 0,√
2
a
a
mπ

{
sin(hπ

a
)
}
, m ≥ 1.

Therefor (3.49) can also written as

XD0A−XD0B = −iQU. (3.50)

From (3.50) the unknown A can be evaluated as

XD0A = XD0B − iQU,

A = B − iD−1
0 X−1QU, (3.51)

where

D0 =



η0 0 0 . . . 0 . . .

0 η1 0 . . . 0 . . .
...

... η2 0 0 . . .
...

...
...

...
...

...

0 0 0 ηn 0 . . .
...

...
...

...
...

...


. (3.52)

3.4 Wave Propagation in Lined Duct Radiated

by Plane Piston

We consider the sound propagation in a two dimensional channel, as shown in

Fig. 3.2. The lower wall at y = 0 is acoustically rigid while the upper wall at

y = a is compliant and is describe by a varying admittance Y (ω). It can be obtain

by Y (ω) = 1
Z(ω)

, since purely reacting liner is consider here. We can derive the

expression of the impedance analytically.
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Figure 3.2: The physical configuration of duct.

• Liner Condition

In a single lyer between a ≤ y ≤ b, the acoustic pressure satisfies the one dimen-

sional wave equation
∂2P̄

∂ȳ2
=

1

c̄2

∂2p̄

∂t2
. (3.53)

On using the harmonic time dependence e−iωt, we can get

∂p

∂y
= −ω2p(y), (3.54)

where ω = 2πfH/c is the normalized frequency. The following all quantities are

non-dimensionalized length with the waveguide height H. The solution of the

(3.54) is

p(y) = c1 cos(ωy) + c2 sin(ωy). (3.55)

In one dimensional setting (3.5), leads to

v = − i
ω

∂p

∂y
, (3.56)
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where v = v.n̂ is the normal velocity. On using (3.55) into (3.56), we get

v =
1

iω
(−c1ω sin(ωy) + c2ω cos(ωy)). (3.57)

As the upper wall is rigid, the normal velocity yield v(b) = 0,

c1

c2

=
1

tan(ωb)
. (3.58)

By using (3.55), one may get

Z =
p(y)

v
. (3.59)

By substituting (3.55) and (3.57), (3.59) reveals

Z(ω) = i cot[ω(b− y)]. (3.60)

Thus, the normalized admittance of liner wall at y = a, takes the form

Y (ω) =
1

Z(ω)

or

Y (ω) = −i tan[ω(b− a)]. (3.61)

Hence, for liner wall backed by rigid cavity at y = b, we can write

∂p

∂y
= iωY (ω)p(y), y = a, (3.62)

For rigid wall
∂p

∂y
= 0, y = 0. (3.63)

3.5 Multimodal Solution

Consider incident radiation of acoustic waves propagation in duct towards pos-

itive x-direction. The travelling waves of guiding channel can be expressed as
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p(x, y) =
∞∑
n=0

Anψn(y)eiηnx. (3.64)

Here the quantity ψn(y) determines the shape of nth mode propagating towards

positive x-direction having nth mode wavenumber ηn and amplitude An. Appar-

ently, these quantities are unknowns. We may determine these unknowns with

Multimodal procedure. By using (3.64) into (3.13) and using conditions (3.62)-

(3.63), we get {
d2

dy2
+ γ2

n

}
ψn(y) = 0, (3.65)

ψ′n(0) = 0, (3.66)

ψ′n(a) = iωY (ω)ψ(a), (3.67)

where γn =
√
K2 − η2

n and prime shows the differentiation with respect to involved

variable. To project the solution of differential system (3.65)-(3.67), we formulate

the corresponding eigenvalue problem, that is

d2ξn(y)

dy2
+ α2

nξn(y) = 0, (3.68)

ξn
′(0) = 0, (3.69)

ξn
′(a) = 0. (3.70)

On solving (3.68) subject to (3.69)-(3.70), we get the orthonormal eigenfunction

ξn = Λn cos(αny); n = 0, 1, 2, · · · (3.71)

where αn = nπ/a, n = 0, 1, 2, · · · are the eigenvalues.

Note the orthonormal functions ξn satisfy the relation

∫ a

0

ξn(y)ξm(y) = δmn, (3.72)

where δmn is kronecker delta
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δmn =

1 m = n,

0 m 6= 0.

To project the solution of (3.65)-(3.67), we write ψn(y) as the linear combination

of orthonormal basis functions as:

ψn(y) =
∞∑
m=0

Bnmξnm(y) = ξtB, (3.73)

where

ξ =



ξn0

ξn1

...

ξnm
...


and B =



Bn0

Bn1

...

Bnm

...


. (3.74)

Note that superscript t in (3.73) of ξ represent the transpose of vector. On mul-

tiplying (3.65) with ξ and integrating over y from 0 to a, we get

∫ a

0

ξ
d2ψn
dy2

dy + γ2
n

∫ a

0

ξψndy = 0. (3.75)

The solution of first integral of (3.75) can be obtained by performing integration

by parts as:

∫ a

0

ξ
d2ψn
dy2

dy =

(
ξ(y)

dψn
dy

)∣∣∣∣∣
a

0

−
(
dξ

dy
ψn

)∣∣∣∣∣
a

0

+

∫ a

0

ψn
d2ξ

dy2
dy. (3.76)

On using boundary conditions (3.66)-(3.67) and (3.69)-(3.70), we get

∫ a

0

ξ
d2ψn
dy2

dy = iωY (ω)ψ(a)ξ +

∫ a

0

ψn
d2ξ

dy2
dy. (3.77)

Therefore (3.75), takes the form

iωY (ω)ψ(a)ξ +

∫ a

0

ψn
d2ξ

dy2
dy + γ2

n

∫ a

0

ξψndy = 0. (3.78)

By substituting (3.71) into (3.78), we obtain
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iωY (ω)ψ(a)ξn −
∫ a

0

(
mπ

a
)2ψnξndy + γ2

n

∫ a

0

ξnψndy = 0, (3.79)

or

iωY (ω)ψ(a)ξnξm −
∫ a

0

(
mπ

a
)2ψnξnξmdy + γ2

n

∫ a

0

ξnξmψndy = 0. (3.80)

On using (3.73) into (3.80), we get

iωY (ω)
∞∑
p=0

Bnpξnpξnm − (
mπ

a
)2

∫ a

0

∞∑
p=0

Bnpξnpξnmdy

+γ2
n

∫ a

0

∞∑
p=0

Bnpξnpξnmdy = 0.

(3.81)

By using (3.72), (3.81) leads to

iωY (ω)
∞∑
p=0

Bnpξ(0)ξ(0)− (
mπ

a
)2

∞∑
p=0

Bnpδpm + γ2
n

∞∑
p=0

Bnpδpm = 0. (3.82)

In a matrix form, (3.82) can be written as

iωY (ω).MB −N1IB + γ2
nIB = 0, (3.83)

or

γ2
nIB = N1IB − iωY (ω).MB, (3.84)

where

N1 =



0 0 0 . . . 0

0 π2

a2
...

...
...

...
...

...
...

...

0 0 0 m2π2

a2
...

...
...

...
...

...


(3.85)

and M = ξm(0)ξn(0).

Since γ2
n = K2 − η2

2, using (3.61) therefore (3.84) can be written as

η2
nIB = [K2I + ω tan(ω(b− a))M −N1]B. (3.86)
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By computing the matrix eigenvalue problem for a value of ω we can get the

eigenvalue and eigenvector the wavenumber are calculated by η2
n. A purely reacting

liner is considered here so the wavenumber is may real and imaginary values.

Being aware of eigenvalues and eigenvectors the resulting field potential in duct

can be written as:

p(x, y) = ξt[XD(x)A+XD(−x)B], (3.87)

where

D(x) =



eiη0x 0 0 . . . 0 . . .

0 eiη1x 0 . . . 0 . . .
...

... eiη2x 0 0 . . .
...

...
...

...
...

...

0 0 0 eiηnx 0 . . .
...

...
...

...
...

...


, (3.88)

At =
[
A0 A1 . . . An . . .

]
(3.89)

and

Bt =
[
δ00 δ10 . . . δn0 . . .

]
. (3.90)

On differentiating (3.87) with respect to x, we find

∂p

∂x
= ξt[X

d

dx
D(x)A+X

d

dx
D(−x)B], (3.91)

where

d

dx
D(x)

∣∣∣∣∣
x=0

=



iη0e
iη0x 0 0 . . . 0 . . .

0 iη1e
iη1x 0 . . . 0 . . .

...
... iη2e

iη2x 0 0 . . .
...

...
...

...
...

...

0 0 0 iηne
ηnx 0 . . .

...
...

...
...

...
...


. (3.92)
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By comparing modes

ξtX
d

dx
D(x)

∣∣∣∣∣
x=0

A+ ξtX
d

dx
D(−x)

∣∣∣∣∣
x=0

B = U, 0 ≤ y ≤ h. (3.93)

On multiplying (3.93) with ξ and integrating from 0 to a

∫ a

0

ξξtdyX
d

dx
D(x)

∣∣∣∣∣
x=0

A+

∫ a

0

ξξtdyX
d

dx
D(−x)

∣∣∣∣∣
x=0

B = U

∫ h

0

ξ(y)dy, (3.94)

or

iX
d

dx
D(x)

∣∣∣∣∣
x=0

A− iX d

dx
D(−x)

∣∣∣∣∣
x=0

B = UQ, (3.95)

where

Qm =

∫ h

0

ξ(y)dy,

=


h√
a
, m = 0,√
2
a
a
mπ

{
sin(hπ

a
)
}
, m ≥ 1.

Equation (3.95) can also written as

XD0A−XD0B = QU. (3.96)

From (3.96), the unknown A can be evaluated as:

A = B − iD−1
0 X−1QU. (3.97)

where

D0 =



η0 0 0 . . . 0 . . .

0 η1 0 . . . 0 . . .
...

... η2 0 0 . . .
...

...
...

...
...

...

0 0 0 ηn 0 . . .
...

...
...

...
...

...


. (3.98)
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3.6 Numerical Results

Here the numerical results are displayed. The model problems have excitation

from the plane piston moving with constant velocity U . The duct contain reacting

lining along a ≤ y ≤ b. For computational results the values of dimensionless

heights are considered as H = 3, a = 25/3 and b = 30/3, where the speed of sound

is taken 343.5m/s.

3.6.1 Scattering Amplitudes in Rigid Duct

In Figs. 3.3 and 3.4, the movement of wavenumber of mode 0, mode 1 and mode

2 are shown against frequency ω. The real part of these modes are shown in Fig.

3.3 while imaginary parts are displayed in Fig. 3.4. The trajectory of these modes

have impact on the wave propagation whose absolute amplitudes are depicted in

Figs. 3.5-3.7.
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Figure 3.3: Trajectories of the real parts of η as a function of frequency ω.
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Figure 3.4: Trajectories of the real parts of η as a function of frequency ω.
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Figure 3.5: The absolute value of fundamental mode amplitude |A0| against
frequency ω.

In Fig. 3.5, the absolute value of fundamental amplitude is ploted shown against

frequency. For different values of piston velocity U . It can be seen that by changing

the velocity of the piston the magnitude of amplitude is varied.
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Figure 3.6: The absolute value of fundamental mode amplitude |A1| against
frequency ω.
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Figure 3.7: The absolute value of fundamental mode amplitude |A2| against
frequency ω.

In Figs. 3.6 and 3.7, the absolute values of secondary mode amplitude |A1| and

third mode amplitude |A2| are respectively shown. These modes are produced by
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plane piston of velocity U taken as 10m/s, 80m/s and 180m/s. It can be clearly

seen from Figs. 3.6- 3.7, the absolute values of |A0|, |A1| and |A2| are increasing

by increasing the velocity of the plane piston U .

3.6.2 Scattering Amplitudes in Lined Duct

In Figs. 3.8 and 3.9, the movement of wavenumber of mode 0, mode 1 and mode

2 are shown against frequency ω. The real part of these modes are shown in Fig.

3.8 while imaginary parts are displayed in Fig. 3.9. The trajectory of these modes

have impact on the wave propagation whose absolute amplitudes are depicted in

Figs. 3.10-3.12. In Fig. 3.10, the absolute value of fundamental amplitude is

ploted shown against frequency. For different values of piston velocity U . It can

be seen that by changing the velocity of the piston the magnitude of amplitude

is varied. However, in all the figures the spikes occured in curves are because of

the variation of eigenvalues. The trajectories of modes wavenumber η is evident

of this fact. (see Figs. 3.8-3.9).
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Figure 3.8: Trajectories of the real parts of η as a function of frequency ω.
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Figure 3.9: Trajectories of the imaginary parts of η as a function of frequency
ω.
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Figure 3.10: The absolute value of fundamental mode amplitude |A0| against
frequency ω.

In Figs. 3.11 and 3.12, the absolute values of secondary mode amplitude |A1| and

third mode amplitude |A2| are respectively shown. These modes are produced by



Multimodal solution waveguide containing liner cavities 34

plane piston of velocity U taken as 10m/s, 80m/s and 180m/s. It can be clearly

seen from Figs. 3.10- 3.12, the absolute values of |A0|, |A1| and |A2| are increasing

by increasing the velocity of the plane piston U .
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Figure 3.11: The absolute value of secondary mode amplitude |A1| against
frequency ω.
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Figure 3.12: The absolute value of third mode amplitude |A2| against fre-
quency ω.



Chapter 4

Acoustic Propagation and

Scattering through the Lined

Cavities

In this chapter, we discuss two waveguide problems liners inclusion. The first prob-

lem comprises acoustic liners in a single cavity whilst the second problem include

double lined cavities. The propagation and attenuation through these cavities are

discussed by using Multimodal technique. Section 4.1 contains the mathemati-

cal modelling of single lined cavities. The solution of the governing problems is

found in Section 4.2. In Section 4.3, the modelling of double lined cavities is dis-

cussed while its solution is explained in Section 4.4. The computational results

and discussion is provided in Section 4.5.

4.1 Scattering through Single Lined Cavity

Consider an acoustic plane wave propagating form negative x-direction towards

x = 0, in an infinite waveguide. At x = a, it will spread into different directions

of infinite reflected and transmitted modes. The waveguide is divided into three

regions. First inlet; having incident and reflected fields and third outlet; which

35
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contains outgoing field, whereas the second region is lined through locally reacting

liners where in attenuation take place. The inside of the waveguide is filled with

compressible fluid of density ρ and sound speed c. The physical configuration of

the waveguide is shown in Fig. 4.1.

Figure 4.1: The physical configuration of waveguide.

The dimensionless pressure in duct regions can be written as

p(x, y) =


p1(x, y), x ≤ −L, 0 ≤ y ≤ a,

p2(x, y), −L ≤ x ≤ L, 0 ≤ y ≤ b,

p3(x, y), x ≥ L, 0 ≤ y ≤ a.

(4.1)

The dimensional form of boundary conditions can be written as

∂p1

∂y
= 0, y = 0, a x ≤ −L, (4.2)

∂p2

∂y
= 0, y = 0, −L ≤ x ≤ L, (4.3)

∂p2

∂y
= iωY (ω)p2(y), y = a, [70] − L ≤ x ≤ L, (4.4)

∂p3

∂y
= 0, y = 0, a x ≥ L. (4.5)
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In next section the Multimodal solution of the problem is explained.

4.2 Multimodal Solution

To determined the eigenmodes of central region R2 analyzed the acoustic scattering

in expansion chamber having liner cavities, we use Multimodal technique, for this

we assume insatz

p(x, y) =
∞∑
n=0

Anψn(y)eiηnx. (4.6)

By using (4.6) into (3.13) and using boundary conditions (4.3) and (4.4), we get

{
d2

dy2
+ γ2

n

}
ψn(y) = 0, (4.7)

ψ′n(0) = 0, (4.8)

ψn
′(a) = iωY (ω)ψ(a), (4.9)

where γn =
√
K2 − η2

n and prime shows the differentiation with respect to involved

variable. To project the solution of differential system (4.7)-(4.9), we formulate

the corresponding eigenvalue problem, that is

d2ξn(y)

dy2
+ α2

nξn(y) = 0, (4.10)

ξn
′(0) = 0, (4.11)

ξn
′(a) = 0. (4.12)

On solving (4.10) subject to (4.11)-(4.12), we get the orthonormal eigenfunction

as:

ξn = Λn cos(αny); n = 0, 1, 2, · · · (4.13)

where αn = nπ/a, n = 0, 1, 2, · · · are the eigenvalues.

Note the orthonormal functions ξn satisfy the relation

∫ a

0

ξn(y)ξm(y) = δmn, (4.14)
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where δmn is kronecker delta

δmn =

1, m = n,

0, m 6= 0.

To project the solution of (4.7)-(4.9), we write ψn(y) as the linear combination of

orthonormal basis functions as:

ψn(y) =
∞∑
n=0

Bnmξnm(y) = ξtB, (4.15)

where

ξ =



ξn0

ξn1

...

ξnm
...


and B =



Bn0

Bn1

...

Bnm

...


. (4.16)

Note that superscript t in (4.15) of ξ represent the transpose of vector. On mul-

tiplying (4.7) with ξ and integrating over y from 0 to a, we get

∫ a

0

ξ
d2ψn
dy2

dy + γ2
n

∫ a

0

ξψndy = 0. (4.17)

The solution of first integral of (4.17) can be obtained by performing integration

by parts as:

∫ a

0

ξ
d2ψn
dy2

dy =

(
ξ(y)

dψn
dy

)∣∣∣∣∣
a

0

−
(
dξ

dy
ψn

)∣∣∣∣∣
a

0

+

∫ a

0

ψn
d2ξ

dy2
dy. (4.18)

On using boundary conditions (4.8)-(4.9) and (4.11)-(4.12), we get

∫ a

0

ξ
d2ψn
dy2

dy = iωY (ω)ψ(a)ξ +

∫ a

0

ψn
d2ξ

dy2
dy. (4.19)

Therefore (4.17), takes the form

iωY (ω)ψ(a)ξ +

∫ a

0

ψn
d2ξ

dy2
dy + γ2

n

∫ a

0

ξψndy = 0. (4.20)
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On using (4.13) into (4.20), we find

iωY (ω)ψ(a)ξ −
∫ a

0

(
mπ

a
)2ξψndy + γ2

n

∫ a

0

ξψndy = 0, (4.21)

or

iωY (ω)ψ(a)ξ −
∫ a

0

(
mπ

a
)
2

ξnξmψndy + γ2
n

∫ a

0

ξnξmψndy = 0. (4.22)

By invoking (4.15) into (4.22), we find

iωY (ω)
∞∑
p=0

Bnpξnpξnm −
∫ a

0

∞∑
p=0

(
mπ

a
)
2

Bnpξnpξnmdy

+γ2
n

∫ a

0

∞∑
p=0

Bnpξnpξnmdy = 0.

(4.23)

By using (4.14), (4.23) leads to

iωY (ω)
∞∑
p=0

Bnpξ(0)ξ(0)− (
mπ

a
)
2
∞∑
p=0

Bnpδpm + γ2
n

∞∑
p=0

Bnpδpm = 0. (4.24)

In a matrix form, (4.24) can be written as

iωY (ω).MB −N1IB + γ2
nIB = 0, (4.25)

or

γ2
nIB = N1IB − iωY (ω).MB, (4.26)

where

N1 =



0 0 0 . . . 0

0 π2

a2
...

...
...

...
...

...
...

...

0 0 0 m2π2

a2
...

...
...

...
...

...


(4.27)

and M = ξm(0)ξn(0).

Since γ2
n = K2 − η2

n and using (3.61) into (4.26), we find

η2
nIB = [K2I + ω tan(ω(b− a))M −N1]B. (4.28)
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The pressures in duct regions as liner combination of transverse modes, we may

write

p1(x, y) =
∞∑
n=0

A1nψn(y)eisn(x+L) +
∞∑
n=0

B1nψn(y)e−isn(x+L), (4.29)

p2(x, y) =
∞∑
n=0

A2nψn(y)eiηnx +
∞∑
n=0

B2nψn(y)e−iηnx, (4.30)

p3(x, y) =
∞∑
n=0

A3nψn(y)eisn(x−L) +
∞∑
n=0

B3nψn(y)e−isn(x−L). (4.31)

Above equations in matrix form can be written as

p1 = ψt[D1(x+ L)A1 +D1(−x− L)B1], (4.32)

p2 = ψtX[D2(x)A2 +D2(−x)B2], (4.33)

p3 = ψt[D1(x− L)A3 +D1(−x+ L)B3]. (4.34)

Note that {A1,A2,A3} and {B1,B2,B3} are unknowns, where D2(x) is the di-

agonal matrix with element eiηn(x) and D1(x) containing the element eisn(x), where

sn =
√
K2 − α2

n are the axial wavenumber of the rigid walls bounded regions

D1(x) =



eis0x 0 0 . . . 0 . . .

0 eis1x 0 . . . 0 . . .
...

... eis2x 0 0 . . .
...

...
...

...
...

...

0 0 0 eisnx 0 . . .
...

...
...

...
...

...


(4.35)

and

D2(x) =



eiη0x 0 0 . . . 0 . . .

0 eiη1x 0 . . . 0 . . .
...

... eiη2x 0 0 . . .
...

...
...

...
...

...

0 0 0 eiηnx 0 . . .
...

...
...

...
...

...


. (4.36)
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We calculate the unknowns through matching the pressures and normal velocities

at interfaces x = −L and x = L. Therefore, the continuity of pressures at x = −L

and x = L take formulation

p1(−L, y) = p2(−L, y) 0 ≤ y ≤ b, (4.37)

and

p2(L, y) = p3(L, y), 0 ≤ y ≤ b, (4.38)

respectively. The continuity of normal velocities at x = −L and x = L can be

given as

∂p1

∂x
(−L, y) =

∂p2

∂x
(−L, y) 0 ≤ y ≤ b, (4.39)

and

∂p2

∂x
(L, y) =

∂p3

∂x
(L, y), 0 ≤ y ≤ b. (4.40)

Now by using (4.32)-(4.34) into (4.37)-(4.40), one may get

ψt [D1(0)A1 +D1(0)B1] = ψtX [D2(−L)A2 +D2(L)B2] , (4.41)

ψtX [D2(L)A2 +D2(−L)B2] = ψt [D1(0)A3 +D1(0)B3] , (4.42)

ψtKR [D1(0)A1 −D1(0)B1] = ψtXKY [D2(−L)A2 −D2(L)B2] , (4.43)

ψtXKY [D2(L)A2 −D2(−L)B2] = ψtKR [D1(0)A3 −D1(0)B3] . (4.44)

Multiplying (4.41)-(4.44) with ψ, integrating over y = 0 to y = a, then simplifying

the following equations:

A1 +B1 = X[D2(−L)A2 +D2(L)B2], (4.45)

KR(A1 −B1) = XKY [D2(−L)A2 −D2(L)B2], (4.46)
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A3 +B3 = X[D2(L)A2 +D2(−L)B2], (4.47)

KR(A3 −B3) = XKY [D2(L)A2 −D2(−L)B2], (4.48)

where KR and KY are diagonal matrices containing the elements of axial wavenum-

ber

KR =



s0 0 0 . . . 0 . . .

0 s1 0 . . . 0 . . .
...

... s2 0 0 . . .
...

...
...

...
...

...

0 0 0 sn 0 . . .
...

...
...

...
...

...


(4.49)

and

KY =



η0 0 0 . . . 0 . . .

0 η1 0 . . . 0 . . .
...

... η2 0 0 . . .
...

...
...

...
...

...

0 0 0 ηn 0 . . .
...

...
...

...
...

...


. (4.50)

Considering B3 = 0 and then comparing (4.47) with (4.48), it is straight forward

to write

X[D2(L)A2 +D2(−L)B2] = K−1
R XKY [D2(L)A2 −D2(−L)B2]. (4.51)

Let we define

F = X +K−1
R XKY (4.52)

and

G = X −K−1
R XKY , (4.53)

then (4.51) becomes

B2 = −F−1D−1
2 (−L)GD2(L)A2. (4.54)
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By adding (4.47) and (4.48), we get

2A3 = FD2(L)A2 +GD2(−L)B2. (4.55)

But on using the value of B2 from (4.54), (4.55) leads to

2A3 = (FD2(L)− F−1D−1
2 (−L)GD2(L)GD2(−L))A2. (4.56)

Now by adding (4.45) and (4.46), it is straight forward to find

2A1 = FD2(−L)A2 +GD2(L)B2, (4.57)

which on using the value of B2 from (4.54) gives

2A1 = (FD2(−L)− F−1D−1
2 (−L)GD2(L)GD2(L))A2. (4.58)

By subtracting (4.46) from (4.45), we achieve

2B1 = (GD2(−L)− F−1D−1
2 (−L)GD2(L)FD2(L))A2. (4.59)

According to [70] the reflection and transmission coefficients can be written as

T (t) =
A3

A1

(4.60)

and

R(r) =
B1

A1

. (4.61)

By using the values of A3 and A1 the transmission coefficient becomes

T (t) = (FD2(L)− F−1D−1
2 (−L)GD2(L)GD2(−L))

(FD2(−L)− F−1D−1
2 (−L)GD2(L)GD2(L))−1.

(4.62)
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Likewise on using the value of B1 and A1, we achieve the reflection coefficient as

R(r) = (GD2(−L)− F−1D−1
2 (−L)GD2(L)FD2(L))

(FD2(−L)− F−1D−1
2 (−L)GD2(L)GD2(L))−1.

(4.63)

4.3 Scattering through Double Lined Cavities

This Section contains double cavities of acoustic liners. The regions of the waveg-

uide can be termed as R1, R2, R3, R4 and R5. The physical configuration is as

shown in Fig. 4.2. The regions R1, R3, and R5 are bounded with rigid walls while

the regions R2 and R4 are bounded below with rigid walls and above with liner

cavity walls.

Figure 4.2: The physical configuration of waveguide.

The problem is made dimensionless as explained in Section 3.1. The dimensionless

pressure in duct region can be written as:

p(x, y) =



p1(x, y), x ≤ −2L, 0 ≤ y ≤ a,

p2(x, y), −2L ≤ x ≤ L, 0 ≤ y ≤ b,

p3(x, y), x ≥ −L, 0 ≤ y ≤ a,

p4(x, y), −L ≤ x ≤ L, 0 ≤ y ≤ b,

p5(x, y), x ≥ 2L, 0 ≤ y ≤ a.

. (4.64)
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The dimensional form of boundary conditions can be written as:

∂p1

∂y
= 0, y = 0, a x ≤ −2L, (4.65)

∂p2

∂y
= 0, y = 0, −2L ≤ x ≤ −L, (4.66)

∂p2

∂y
= iωY (ω)p2(y), y = a, −2L ≤ x ≤ −L, (4.67)

∂p3

∂y
= 0, y = 0, a x ≥ −L, (4.68)

∂p4

∂y
= 0, y = 0, − L ≤ x ≤ L, (4.69)

∂p4

∂y
= iωY (ω)p4(y), y = a, − L ≤ x ≤ L, (4.70)

∂p5

∂y
= 0, y = 0, a x ≥ 2L. (4.71)

In next section the Multimodal solution of problem is explained.

4.4 Multimodal Solution

To determine the Multimodal solution, we write the pressures in duct regions as

liner combination of transverse modes. Depending upon the eigenvalue problems of

respective regions, the formulation of eigenvalues and transverse modes is different.

The eigenvalue problems encountered in this Section are same as explained for

problem 1 of this chapter. Therefore, we can write the eigenfunction expansion of

regions as

p1(x, y) =
∞∑
n=0

A1nψn(y)eisn(x+2L) +
∞∑
n=0

B1nψn(y)e−isn(x+2L), (4.72)

p2(x, y) =
∞∑
n=0

A2nψn(y)eiηn(x+L) +
∞∑
n=0

B2nψn(y)e−iηn(x+L), (4.73)

p3(x, y) =
∞∑
n=0

A3nψn(y)eisn(x) +
∞∑
n=0

B3nψn(y)e−isn(x), (4.74)



Acoustic propagation and scattering through the lined cavities 46

p4(x, y) =
∞∑
n=0

A4nψn(y)eiηn(x−L) +
∞∑
n=0

B4nψn(y)e−isn(x−L), (4.75)

p5(x, y) =
∞∑
n=0

A5nψn(y)eisn(x−2L) +
∞∑
n=0

B5nψn(y)e−isn(x−2L). (4.76)

Above equations in matrix form can be written as:

p1 = ψt[D1(x+ 2L)A1 +D1(−x− 2L)B1], (4.77)

p2 = ψtX[D2(x+ L)A2 +D2(−x− L)B2], (4.78)

p3 = ψt[D1(x)A3 +D1(−x)B3], (4.79)

p4 = ψtX[D2(x− L)A4 +D2(−x+ L)B4], (4.80)

p5 = ψt[D1(x− 2L)A5 +D1(−x+ 2L)B5], (4.81)

where D2(x) are diagonal matrix with element eiηnx, D1(x) are diagonal matrix

containing element eisnx and sn =
√
K2 − α2

n are the axial wavenumber of the

rigid walls bounded region

D1(x) =



eis0x 0 0 . . . 0 . . .

0 eis1x 0 . . . 0 . . .
...

... eis2x 0 0 . . .
...

...
...

...
...

...

0 0 0 eisnx 0 . . .
...

...
...

...
...

...


(4.82)

and

D2(x) =



eiη0x 0 0 . . . 0 . . .

0 eiη1x 0 . . . 0 . . .
...

... eiη2x 0 0 . . .
...

...
...

...
...

...

0 0 0 eiηnx 0 . . .
...

...
...

...
...

...


. (4.83)
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Note that {A1,A2,A3,A4,A5} and {B1,B2,B3,B4,B5} are unknowns. We

assume B5 = 0, to calculate remaining unknowns through matching the pressure

and normal velocities at interfaces x = −2L, x = −L, x = L and x = 2L.

Therefore, the continuity of pressures take formulation

p1(−2L, y) = p2(−2L, y), 0 ≤ y ≤ b, (4.84)

p2(−L, y) = p3(−L, y), 0 ≤ y ≤ b, (4.85)

p3(L, y) = p4(L, y) 0 ≤ y ≤ b (4.86)

and

p4(2L, y) = p5(2L, y), 0 ≤ y ≤ b, (4.87)

respectively. The continuity of normal velocities can be given as

∂p1

∂x
(−2L, y) =

∂p2

∂x
(−2L, y), 0 ≤ y ≤ b, (4.88)

∂p2

∂x
(−L, y) =

∂p3

∂x
(−L, y), 0 ≤ y ≤ b, (4.89)

∂p3

∂x
(L, y) =

∂p4

∂x
(L, y) 0 ≤ y ≤ b (4.90)

and
∂p4

∂x
(2L, y) =

∂p5

∂x
(2L, y), 0 ≤ y ≤ b. (4.91)

Now by using (4.77)-(4.81) into (4.84)-(4.91), one may get

ψt [D1(0)A1 +D1(0)B1] = ψtX [D2(−L)A2 +D2(L)B2] , (4.92)

ψtX [D2(0)A2 +D2(0)B2] = ψt [D1(−L)A3 +D1(L)B3] , (4.93)

ψt [D1(L)A3 +D1(−L)B3] = ψtX [D2(0)A4 +D2(0)B4] , (4.94)

ψtX [D2(L)A4 +D2(−L)B4] = ψt [D1(0)A5 +D1(0)B5] , (4.95)

ψtKR [D1(0)A1 −D1(0)B1] = ψtXKy [D2(−L)A2 −D2(L)B2] , (4.96)
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ψtXKY [D2(0)A2 −D2(0)B2] = ψtKR [D1(−L)A3 −D1(L)B3] , (4.97)

ψtKR [D1(L)A3 −D1(−L)B3] = ψtXKY [D2(0)A4 −D2(0)B4] , (4.98)

ψtXKY [D2(L)A4 −D2(−L)B4] = ψtKR [D1(0)A5 −D1(0)B5] . (4.99)

Multiplying (4.92)-(4.99) with ψ, integrating over y = 0 to y = a, then simplifying

the following equations:

A1 +B1 = X(D2(−L)A2 +D2(L)B2), (4.100)

KR(A1 −B1) = XKY (D2(−L)A2 −D2(L)B2), (4.101)

X(A2 +B2) = (D1(−L)A3 +D1(L)B3), (4.102)

XKY (A2 −B2) = KR(D1(−L)A3 −D1(L)B3), (4.103)

X(A4 +B4) = (D1(L)A3 +D1(−L)B3), (4.104)

XKY (A4 −B4) = KR(D1(L)A3 −D1(−L)B3), (4.105)

A5 +B5) = X(D2(L)A4 +D2(−L)B4), (4.106)

KR(A5 −B5) = XKY (D2(L)A4 −D2(−L)B4), (4.107)

where KR are diagonal matrices containing the elements of axial wavenumber sn

KR =



s0 0 0 . . . 0 . . .

0 s1 0 . . . 0 . . .
...

... s2 0 0 . . .
...

...
...

...
...

...

0 0 0 sn 0 . . .
...

...
...

...
...

...


(4.108)

and KY are diagonal matrices containing the elements of axial wavenumber ηn
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KY =



η0 0 0 . . . 0 . . .

0 η1 0 . . . 0 . . .
...

... η2 0 0 . . .
...

...
...

...
...

...

0 0 0 sn 0 . . .
...

...
...

...
...

...


. (4.109)

ConsideringB5 = 0 and then comparing (4.106) with (4.107), it is straight forward

to write

X[D2(L)A4 +D2(−L)B4] = K−1
R XKy[D2(L)A4 −D2(−L)B4]. (4.110)

Let we define

F1 = X +K−1
R XKY (4.111)

and

G1 = X −K−1
R XKY , (4.112)

then (4.110) becomes

B4 = −F−1
1 D−1

2 (−L)G1D2(L)A4. (4.113)

By adding (4.104) and (4.105), we get

2D1(L)A3 = F1A4 +G1B4. (4.114)

Multiplying (4.114) with D−1
1 (L) and using the value of B4, we get

2A3 = (F1D
−1
1 (L)−G1D

−1
1 (L)F−1

1 D−1
2 (−L)G1D2(L))A4. (4.115)

Now by subtracting (4.104) and (4.105), it is straight forward to find

2D1(−L)B3 = G1A4 + F1B4. (4.116)
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Multiplying (4.116) with D−1
1 (−L) and using the value of B4, we find

2B3 = (G1D
−1
1 (−L)− F1D

−1
1 (−L)F−1

1 D−1
2 (−L)G1D2(L))A4. (4.117)

By adding (4.102) and (4.103), we find

2A2 = (F2D1(−L)A3 +G2D1(L)B3). (4.118)

Let we define

F2 = X−1 +K−1
Y X−1KR (4.119)

and

G2 = X−1 −K−1
Y X−1KR. (4.120)

Multiplying equation (4.118) with 2 and using values of 2A3 and 2B3, we get

4A2 = (F2D1(−L)E1 +G2D1(L)E2)A4. (4.121)

Now by subtracting (4.102) and (4.103), we achieve

2B2 = (G2D1(−L)A3 + F2D1(L)B3). (4.122)

Multiplying equation (4.122) with 2 and using value of 2A3 and 2B3, we will get

4B2 = (G2D1(−L)E1 + F2D1(L)E2)A4, (4.123)

where

E1 = (F1D
−1
1 (L)−G1D

−1
1 (L)F−1

1 D−1
2 (−L)G1D2(L))

and

E2 = (G1D
−1
1 (−L)− F1D

−1
1 (−L)F−1

1 D−1
2 (−L)G1D2(L)).

Now adding (4.100) and (4.101), we find

2A1 = F1D2(−L)A2 +G1D2(L)B2, (4.124)
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multiplying equation (4.124) with 4 and using the value of 4A2 and 4B2, we get

8A1 = (F1D2(−L)H1 +G1D2(L)H2)A4. (4.125)

Now by subtracting (4.100) and (4.101), we get

2B1 = G1D2(−L)A2 + F1D2(L)B2. (4.126)

Multiplying (4.126) with 4 and using the value of 4A2 and 4B2, we get

8B1 = (G1D2(−L)H1 + F1D2(L)H2)A4, (4.127)

where

H1 = F2D1(−L)E1 +G2D1(L)E2

and

H2 = G2D1(−L)E1 + F2D1(L)E2.

By adding (4.106) and (4.107), we may write

2A5 = F1D2(L)A4 +G1D2(−L)B4. (4.128)

But on using the value of B4 from (4.113), leads to

2A5 = (F1D2(L)−G1D2(−L)F−1
1 D−1

2 (−L)G1D2(L))A4. (4.129)

According to [70] the reflection and transmission coefficients can be written as

T (t) =
A5

A1

, (4.130)

and

R(r) =
B1

A1

. (4.131)

By using the values of A5 and A1, the transmission coefficient becomes
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T (t) = (F1D2(L)−G1D2(−L)F−1
1 D−1

2 (−L)G1D2(L))

(F1D2(−L)H1 +G1D2(L)H2)−1.
(4.132)

Likewise on using the value of B1 and A1, we achieve the reflection coefficient as

R(r) = (G1D2(−L)H1 + F1D2(L)H2)(F1D2(−L)H1 +G1D2(L)H2)−1. (4.133)

4.5 Numerical Results

In this section, the numerical results are presented. The problem is excited with

the fundamental duct mode of inlet region that scatters on interaction with the

lined chamber. The absolute amplitudes of first three reflected modes in inlet

and the transmitted modes in outlet are plotted against frequency. These modes

carry maximum of the incident energy. The main aim is to see the variation

in scattering fields against frequency are connected with lined chambers. For

numerical computations the speed of sound c = 343.5m/s,

0 0.5 1 1.5
0

0.5

1

1.5

Figure 4.3: Trajectories of the real parts of η as a function of frequency ω.
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dimensional heights a = 25/6 and b = 30/6 remain fixed. In Figs. 4.3 and 4.4,

the movement of wave number of mode 0, mode 1 and mode 2 are shown against

frequency ω. The real part of these modes are shown in Fig. 4.3 while imaginary

parts are displayed in Fig. 4.4. The trajectories of modes wavenumber η is evident

of this fact. (see Figs. 4.3-4.4).
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Figure 4.4: Trajectories of the imaginary parts of η as a function of frequency
ω.

4.5.1 Scattering Amplitudes against Frequency with Sin-

gle Lined Chamber

Figs. 4.5-4.10 display the scattering amplitude against frequency over 0 ≤ ω ≤ 1.5

with single lined chamber. For numerical computations the speed of sound c =

343.5m/s, dimensional heights a = 25/6 and b = 30/6 remain fixed. In Figs. 4.5

and 4.6, the absolute values of fundamental reflected amplitudes and fundamental

transmitted amplitudes are respectively portrayed. From these graphs, it can be

seen that there is huge spike between 0.3 ≤ ω ≤ 0.6 and 0.6 ≤ ω ≤ 0.8 in reflected

and transmitted amplitudes respectively. The spike is because of the variation in

eigenvalues.
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Figure 4.5: The absolute fundamental reflected mode |R0| against frequency
ω.

0 0.5 1 1.5
0

1

2

3

4

5

6

7

Figure 4.6: The absolute fundamental transmitted mode |T0| of frequency ω.

From Figs. 4.7 and 4.8, the absolute value of secondary reflected mode and abso-

lute value of secondary transmitted mode are shown respectively.
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Figure 4.7: The absolute secondary reflected mode |R1| against frequency ω.
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Figure 4.8: The absolute secondary transmitted mode |T1| against frequency
ω.

It can be seen that in beginning reflected amplitude is minimum and vary on

increasing frequency to its maximum value about regime 0.5 ≤ ω ≤ 0.7 whereas

the transmitted amplitude spikes are 0.6 ≤ ω ≤ 1.3.
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Figure 4.9: The absolute third reflected mode |R2| against frequency ω.
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Figure 4.10: The absolute third transmitted mode |T2| against frequency ω.

Accordingly, in Figs. 4.9 and 4.10, the absolute value of third reflected mode

and absolute value of third transmitted mode are shown respectively. It can be
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seen that in beginning reflected amplitude curve is smooth but vary on increasing

frequency to reach its maximum value about regime 0.6 ≤ ω ≤ 1.3 whereas, the

transmitted amplitude two spikes 0.6 ≤ ω ≤ 1.4 are evident.

4.5.2 Scattering Amplitudes aginst Frequency with Dou-

ble Lined Chamber

In Figs. 4.11-4.16, the absolute values of scattering amplitudes with double lined

chamber are shown. The setting of involving numerical parameters is kept same

with the single lined chamber. Figs. 4.11 and 4.12, depict the absolute value of

fundamental reflected mode and absolute value of fundamental transmitted mode.

Clearly from these graphs, one can seen a fluctuation in scattering amplitude as

compared with single lined chamber. The fluctuations are caused by the addition

of lined chamber.
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Figure 4.11: The absolute fundamental reflected mode |R0| against frequency
ω.
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Figure 4.12: The absolute fundamental transmitted mode |T0| against fre-
quency ω.
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Figure 4.13: The absolute secondary reflected mode |R1| against frequency ω.

Figs. 4.13 and 4.14, display the absolute value of secondary reflected mode and

absolute value of secondary transmitted mode are shown respectively. It can be
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seen that there is a little variation in scattering graphs with double lined chamber

when compared with single lined chamber graphs against frequency.
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Figure 4.14: The absolute secondary transmitted mode |T1| against frequency
ω.
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Figure 4.15: The absolute third reflected mode |R2| against frequency ω.
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Figure 4.16: The absolute third reflected mode |T2| against frequency ω.

In Figs. 4.15 and 4.16, the absolute value of third reflected mode and absolute value

of third transmitted mode are shown. Accordingly to secondary mode graphs,

there is a little impact of double lined chamber on the third modes.



Chapter 5

Summary and Conclusion

The current study presents scattering analysis of inclusion of single and double

lined chamber cavities in an infiniet waveguide. The Multimodal technique is ap-

plied to solve the boundary value problems. This technique is initially described

by prototype problems then is further applied to solve the liner cavity problems.

Therefore two prototype problems exited by the plane piston which lies along

the terminating vertical of duct are discussed in Chapter 3. First problem is

bounded by rigid walls while the later problem comprises liners along the upper

horizontal wall. Both of these problems are governed with Helmholtz’s equation

and contained boundary conditions to be rigid-rigid and rigid-impedance typed.

The Multimodal solution is sorted by projecting the travelling wave modes with

orthogonal basis of rigid walls bounding segment and rigid impedance walls seg-

ment. The numerical results shows the effect of trajectories of eigenmodes on wave

propagating against the velocity of the plane piston. From these results, it is found

that by changing the value of velocity of the moving piston a variation in funda-

mental, secondary and third mode propagation obtained. The scattering from

expansion chamber with single and double lined cavities are discussed in Chapter

4. The Multimodal solution for both problems is achieved through the projection

of orthogonal basis of respective regions. The absolute amplitudes of reflected and

transmitted fields are plotted against frequency. Only first three modes are plotted

since most of energy is carried out through these modes. The sound attenuation

61
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with single and double lined chamber cavities are discussed. These problems are

radiated by the fundamental duct mode of incident region which passes through

the ancheotic region after interaction with the chamber cavities. From numerical

results, it is found that the inclusion of double liner cavities changes the position

of spikes appearing in the scattering amplitudes as well as increases the intensity

of sound attenuation.
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